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The Friedmann law on the brane generically depends quadratically on the brane energy density
and involves a “dark radiation” term due to the bulk Weyl tensor. Despite its unfamiliar form, we
show how it can be derived from a standard four-dimensional Brans-Dicke theory at low energy. In
particular, the dark radiation term is found to depend linearly on the brane energy densities. For
any equation of state on the branes, the radion evolves such as to generate radiation-dominated
cosmology. The radiation-dominated era is conventional and consistent with nucleosynthesis.
There has been considerable interest recently for mod-
els where space-time is effectively five-dimensional, with
the extra dimension compactified on an S1/Z2 orbifold.
Coincident with the fixed planes of the Z2 symmetry are
two 3-branes (or boundary branes). Gauge and matter
fields are confined to the boundary branes, while grav-
ity and other bulk fields can propagate in the whole of
space-time. This general set-up is motivated by heterotic
M-theory [1,2] and the Randall-Sundrum (RS) model [3].
For simplicity, in the present work we assume that the
bulk is empty. It is known that the induced Friedmann
law on either brane in this case is given by [4–6]
3H2i =
C
a4i
+
ρ2i
12
, (1)
where ai and Hi are respectively the induced scale factor
and Hubble parameter on the brane in question, while
ρi denotes its energy density. (In this paper, the five-
dimensional Planck mass is unity.) The C/a4i term, where
C is an arbitrary constant, originates from the projection
of the bulk Weyl tensor onto the brane.
The above equation (along with energy conservation
for ρi) is sufficient to determine the time evolution of ai.
However, to fully specify the cosmology, we must also
understand the nature of the energy content driving the
expansion. For instance, if C/a4i described a new form of
dark energy, then Eq. (1) would imply that H2i depends
quadratically on the matter density, rather than linearly
as in four-dimensional cosmology [7,8]. This would be in-
consistent with nucleosynthesis. Moreover, it would con-
tradict the well-established principle that physics should
appear four-dimensional at low energy.
In this letter, we show that Eq. (1) is in fact consis-
tent with a four-dimensional effective description at low
energy, when ρid≪ 1, where d is the proper distance be-
tween the branes. This follows because, as we will show,
C/a4i is determined by ρi, the radion field d and its time-
derivative. At the level of the four-dimensional effective
theory, the constant C specifies initial conditions for ρi,
d and d˙.
Our interpretation has important consequences for nu-
cleosynthesis. In the era where ρi describes radiation,
the kinetic energy of the radion quickly redshifts away
compared to ρi due to Hubble damping. Thus, within
a Hubble time or so, the radion becomes nearly static
compared to the expansion rate. It follows that C/a4i de-
scribes the usual radiation component and the cosmology
is conventional. At matter-radiation equality, however,
the radion begins to evolve significantly over a Hubble
time. Therefore, in order to satisfy nucleosynthesis con-
straints, it suffices that the radion be stabilized before
matter-radiation equality. This is in contrast with pre-
vious analyses in which the C/a4i contribution was ne-
glected [8].
We begin by reviewing the derivation of the induced
Friedmann law on the brane. The Friedmann equation
is then computed at the level of the four-dimensional ef-
fective theory and is seen to have the conventional linear
dependence on ρi. Finally, we show that the two results
agree at low energy by explicitly calculating the Weyl
tensor contribution in the five-dimensional theory.
With an empty bulk and Z2 symmetry, the action is
given by
S =
∫
d5x
√−gR
2
−
2∑
i=1
∫
d4x
√−g(i)(L(i)m + 2K(i)) ,
(2)
where g(i) and L(i)m are respectively the induced met-
ric and matter Lagrangian density on each brane. Also,
K
(i)
αβ = g
(i) γ
α g
(i) δ
β ∇γn(i)δ is the extrinsic curvature of the
ith brane, while nα(i) is the unit normal vector.
The equations of motion derived from (2) consist of
the bulk Einstein equations, Gαβ = 0, supplemented by
the Israel matching conditions [9,10]
K
(i)
αβ = −
1
2
(
T
(i)
αβ −
1
3
g
(i)
αβT
(i)
)
, (3)
where T
(i)
αβ is the stress-energy tensor associated with
L(i)m , that is,
T
(i)
αβ ≡
2√−g(i)
δ(
√−g(i)L(i)m )
δgαβ(i)
. (4)
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Using the Gauss equation, which relates the five-
dimensional Riemann tensor to its four-dimensional
counterpart induced on the brane, one can de-
rive the four-dimensional Einstein equations on either
brane [4,11]
G
(i)
αβ = −E(i)αβ +K(i)K(i)αβ − gγδ(i)K(i)αγK
(i)
βδ
−1
2
g
(i)
αβ(K
2
(i) −Kγδ(i)K
(i)
γδ ) , (5)
where G
(i)
αβ is the four-dimensional Einstein tensor as-
sociated with g
(i)
αβ , and E
(i)
αβ is the electric part of the
five-dimensional Weyl tensor Cαβγδ. That is,
E
(i)
αβ ≡ Cγδρσn(i)γ nρ(i)g(i) δα g
(i) σ
β . (6)
We note in passing that E
(i)
αβ is traceless.
Since we are interested in cosmological solutions, the
induced metric on either brane is assumed homogeneous,
isotropic and spatially-flat. Thus, we can make the
ansatz ds2(i) = g
(i)
µνdxµdxν = −dt2 + a2i (t)d~x2. Further-
more, we assume that the stress-energy tensor T
(i)
µν is that
of a perfect fluid with energy density ρi and pressure Pi.
Eq. (5) then reduces to
3H2i = −E(i)00 +O(ρ2i ) , (7)
where Hi ≡ a˙i/ai is the Hubble constant on the brane.
The E
(i)
αβ tensor is not arbitrary but is constrained by
the fact that G
(i)
αβ must satisfy the contracted Bianchi
identity, ∇αG(i)αβ = 0. From Eq. (5), this implies
∇αE(i)αβ = O(ρ2i ) . (8)
To linear order in ρi, we see that ∇αE(i)αβ ≈ 0. Thus, E(i)αβ
is approximately conserved and plays the role of a stress-
energy tensor in Eq. (5). Moreover, since it is traceless,
E
(i)
αβ is analogous to the stress-energy tensor of a radia-
tion fluid, that is,
E
(i)
00 = −
C
a4i
+O(ρ2i ) , (9)
where C is a constant. Substituting in Eq. (7), we obtain
3H2i =
C
a4i
+O(ρ2i ) . (10)
Eq. (10) displays several apparent peculiarities com-
pared to the usual four-dimensional Friedmann law:
• As originally noted in Refs. [7,8], H2i depends
quadratically on ρi, rather than linearly.
• There is a new term, C/a4i , which originates from
the bulk Weyl tensor. Because it decays like a−4i
and does not appear to depend on the brane en-
ergy density, this term seems to describe a dark
radiation component.
• The Hubble constant on the first brane, H1, seems
independent of the energy density on the other
brane, ρ2. This is contrary to the intuition that
gravity should respond to the total stress-energy.
• The proper distance between the branes does not
appear in this expression. This is surprising as one
would expect that the strength of gravity should
vary as the proper distance evolves.
It has been suggested by Csa´ki et al. [12] that the un-
conventional form of the Friedmann law (10) is a conse-
quence of requiring the distance between the branes to
be static without the addition of a stabilizing potential.
However, in deriving Eq. (10) we did not assume that
the radion was time-independent. Moreover, the four-
dimensional Friedmann law should hold at low energy,
independent of whether the radion evolves with time or
not. It follows that the solution to the above paradoxes
cannot hinge on the existence of a stabilizing mechanism.
We now derive the Friedmann law using the four-
dimensional effective theory. For cosmological appli-
cations, the five-dimensional metric is chosen to be
isotropic, homogeneous and spatially flat in the three spa-
tial dimensions parallel to the branes. This corresponds
to the ansatz
ds2 = −n2(t, y)dt2 + a2(t, y)d~x2 + d2(t, y)dy2 , (11)
where 0 ≤ y ≤ 1, with the branes located at y = 0 and
y = 1. The Israel conditions (3) then become
a′
ad
∣∣∣∣
y=0
= −ρ1
6
;
n′
nd
∣∣∣∣
y=0
=
1
6
(2ρ1 + 3P1) ,
a′
ad
∣∣∣∣
y=L
=
ρ2
6
;
n′
nd
∣∣∣∣
y=L
= −1
6
(2ρ2 + 3P2) , (12)
where primes denote derivatives with respect to y.
In the limit ρid ≪ 1, where the energy is small com-
pared to the mass scale d−1 of the Kaluza-Klein modes,
the solution to the five-dimensional equations of motion
can be written as a perturbative expansion in the small
parameter ρid [7,13]. We consider the ansatz
n(t, y) = 1 +
(
d0(t)
6
) 2∑
i=1
Fi(y)(2ρi + 3Pi)
a(t, y) = a0(t)
{
1−
(
d0(t)
6
) 2∑
i=1
Fi(y)ρi
}
(13)
b(t, y) = d0(t)
{
1−
(
d0(t)
6
) 2∑
i=1
Fi(y)(ρi − 3Pi)
}
.
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where
F1(y) ≡ −1
2
y2 + |y| − 1
3
, F2(y) ≡ −1
2
y2 +
1
6
.
Note that this expression approximately solves the
matching conditions (12) in the limit ρid0 ≪ 1.
Substituting this ansatz in the five-dimensional equa-
tions of motion, Gαβ = 0, one finds that these reduce
to
H20 +H0
(
d˙0
d0
)
=
(ρ1 + ρ2)
6d0
+O(ρ2i ) , (14)
H˙0 + 2H
2
0 = O(ρ2i ) , (15)
d¨0
d0
+ 3H0
(
d˙0
d0
)
=
1
6d0
2∑
i=1
(ρi − 3Pi) +O(ρ2i ) , (16)
where H0(t) ≡ a˙0/a0. In other words, Eqs. (13) consti-
tute an approximate five-dimensional solution provided
that the functions a0(t) and d0(t) satisfy Eqs. (14)-(16).
It is easily seen that Eqs. (14)-(16) can alternatively
be derived by varying the following four-dimensional ef-
fective action
Seff =
∫
M4
d4x
√−g4
(
d0R4 −
2∑
i=1
L(i)m +O(ρ2i d0)
)
.
(17)
To leading order in ρid0, this action is of the Brans-Dicke
(BD) form [14], with BD parameter ωBD = 0. (Note that
the kinetic term for d0 can be recovered by going to Ein-
stein frame.) The four-dimensional metric g4 is given
by ds24 = g
4
µνdx
µdxν = −dt2 + a20(t)d~x2, and R4 is the
corresponding Ricci scalar.
Since the y-dependence of the metric (13) is small for
ρid0 ≪ 1, it follows that the induced scale factor on either
brane is well-approximated by a0(t), that is, ai ≈ a0. In
particular, the Friedmann equation on the brane is given
by Eq. (14), and can be written as
H2i =
{
−Hi
(
d˙0
d0
)
+
(ρ1 + ρ2)
6d0
}
+O(ρ2i ) . (18)
This equation displays all the features one would ex-
pect from a four-dimensional Friedmann law. For in-
stance, H2i depends linearly on ρi, while the gravitational
coupling constant weakens as the distance between the
branes d0 increases.
While Eqs. (7) and (18) were obtained using different
methods, they should agree at low-energy. To check this,
one can calculate the bulk Weyl tensor corresponding to
the metric (13). Noting that the unit vector normal to
the y = 0 brane is nα = (0, 0, 0, 0, d−1(y, t)), we find, to
linear order in ρid0,
E
(i)
00 ≈
1
2
{
a¨0
a0
+
a˙0
a0
d˙0
d0
− a˙
2
0
a20
− d¨0
d0
−
2∑
i=1
(ρi + Pi)
2d0
}
.
(19)
Using Eqs. (14)-(16) (which follow from the five-
dimensional equations of motion or, equivalently from
the four-dimensional effective action) and H0 ≈ Hi, this
reduces to
E
(i)
00 = 3Hi
(
d˙0
d0
)
− (ρ1 + ρ2)
2d0
+O(ρ2i ) . (20)
Finally, substituting this expression into (7) proves that
Eqs. (7) and (18) agree at low energy.
In particular, it is now realized that the apparent puz-
zles listed below Eq. (10) are an artifact of not properly
understanding the C/a4i contribution. Rather than being
a “dark” component, we see that this term actually con-
tains all the necessary ingredients to make the Friedmann
law on the brane consistent with a four-dimensional ef-
fective description.
There is a useful analogy with cosmology in four-
dimensional Einstein gravity. Assuming a constant equa-
tion of state w, the Friedmann law can be written as
3H2 = 8πG4
( C′
a3(1+w)
)
. (21)
In analogy with Eq. (10), ρ does not appear explic-
itly in this expression and there is an arbitrary con-
stant C′. However, one can use energy conservation,
ρ˙ = −3H(1 + w)ρ, to rewrite Eq. (21) as
3H2 = 8πG4ρ, (22)
which is the counterpart of Eq. (18). In this form, the
dependence on ρ is manifest.
It is remarkable that, to leading order, the cosmological
evolution on either brane is that of a radiation-dominated
universe for any form of matter on the branes. This can
be understood from the properties of the underlying four-
dimensional BD theory (17), and is a consequence of the
conformal coupling between the radion and the matter
fields on the branes. For any choice of matter content,
the radion evolves in such a way that the total stress
energy (matter + radion) behaves effectively as radia-
tion. Explicitly, note that Eq. (15) implies H0 = 1/(2t)
to leading order. It follows that a0 ∼ t1/2, and there-
fore H20 ∼ 1/a40. Comparison with Eq. (18) shows that
the right-hand side does indeed decay like 1/a40 for any
equation of state.
We have shown that the induced Friedmann law on the
brane can be derived from a four-dimensional BD theory
at low energy. If this theory describes the cosmology of
3
our universe, then the measured abundance of light ele-
ments requires that Newton’s constant G4 ∼ 1/d0 vary
by less than approximately 10% from the time of nucle-
osynthesis until now. During the radiation-dominated
era, the right-hand side of Eq. (16) is negligible and the
kinetic energy of the radion is damped by the Hubble
friction term. It follows that d0 is nearly static during
the radiation-dominated era, and thus the cosmological
evolution is conventional. During the matter-dominated
era, however, the right-hand side of Eq. (16) cannot be
neglected, and it forces the radion to evolve significantly
on a Hubble time-scale. Therefore, in order to satisfy
nucleosynthesis constraints, it suffices that the radion be
stabilized by the time of matter-radiation equality.
We conclude with a few comments:
1. It is often convenient to consider bulk geometries
with vanishing Weyl tensor (such as five-dimensional
Minkowski or AdS space) since this generally simpli-
fies the five-dimensional equations of motion. Setting
E
(i)
00 = 0 in Eq. (20) yields
Hi
(
d˙0
d0
)
=
(ρ1 + ρ2)
6d0
+O(ρ2i ) . (23)
Taking the time-derivative of Eq. (23) and using
Eqs. (14)-(16), one finds
ρ1 + ρ2 = O(ρ2i d0) . (24)
Thus, we see that requiring the bulk Weyl tensor to van-
ish implies that the energy density on the branes cancel
each other to leading order.
2. We have seen that the dynamics are effectively four-
dimensional when ρid ≪ 1. Suppose that this condition
holds initially and that ai increases with time. Then, the
validity of the four-dimensional effective theory at sub-
sequent times depends on the equation of state on the
branes. Indeed, it can be shown that ρid ≪ 1 will re-
main small thereafter provided that ρi ≥ −3Pi for both
branes. When ρi < −3Pi, however, the radion increases
too fast and ρid eventually becomes of order unity. One
must then solve the full five-dimensional equations of mo-
tion to describe the dynamics.
3. The above derivation can straightforwardly be gener-
alized to the case of a negative bulk cosmological constant
as in RS. For instance, in the limit d˙ ≪ 1 and ρiℓ ≪ 1,
where d is the proper distance between the branes and
ℓ is the AdS radius, the induced Friedmann law on the
positive-tension brane is given by
H21 = −
2H1(d˙/ℓ)
e2d/ℓ − 1 +
(d˙/ℓ)2
e2d/ℓ − 1 +
ρ1 + ρ2e
−4d/ℓ
3ℓ(1− e−2d/ℓ) . (25)
Note that this reduces to Eq. (18) in the limit d ≪ ℓ
where the warp factor is nearly constant. Details will be
presented elsewhere [15].
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